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Reidemeister Moves and Groups
Vassily Olegovich Manturov∗
Abstract
Recently, the author discovered an interesting class of knot-like ob-
jects called free knots. These purely combinatorial objects are equiva-
lence classes of Gauss diagrams modulo Reidemeister moves (the same
notion in the language of words was introduced by Turaev [Tu1], who
thought all free knots to be trivial). As it turned out, these new objects
are highly non-trivial, see [Ma1], and even admit non-trivial cobordism
classes [Ma2]. An important issue is the existence of invariants where
a diagram evaluates to itself which makes such objects “similar” to free
groups: an element has its minimal representative which “lives inside”
any representative equivalent to it.
In the present paper, we consider generalizations of free knots by means
of (finitely presented) groups. These new objects have lots of non-trivial
properties coming from both knot theory and group theory: functoriality,
coverings, etc. This connection allows one not only to apply group theory
to various problems in knot theory but also to apply Reidemeister moves
to the study of (finitely presented) groups.
Groups appear naturally in this setting when graphs are embedded in
2-surfaces.
Keywords: Group, Graph, Reidemeister Move, Knot, Free Knot.
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1 Introduction. Basic Definitions and Notation
Knots and virtual knots are encoded by 4-valent graphs Γ with a framing (oppo-
site edge structure at vertices) and some decorations at vertices (the structure of
overpasses and underpasses) modulo Reidemeister moves. When skipping deco-
rations of crossings, we get to certain equivalence classes of virtual knots, called
free knots. If such a graph Γ is treated as the image of immersion of a curve γ in
an oriented 2-surface Σ in such a way that Γ\γ admits a checkerboard colouring,
then there is a natural presentation of the quotient group pi1(Σ)/〈[γ]〉 by the
normal closure of the element corresponding to γ where vertices are generators
and regions are relators; for more details, see [IMN, FM].
∗The author is partially supported by Laboratory of Quantum Topology of Chelyabinsk
State University (Russian Federation government grant 14.Z50.31.0020), by RF President NSh
1410.2012.1, and by grants of the Russian Foundation for Basic Resarch, 13-01-00830,14-01-
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Thus, considering Γ as a homotopy class of γ, vertices of Γ get some natural
interpretations in terms of homotopy classes. When performing Reidemeister
moves to Γ, labels of vertices undergo natural transformations.
When considering more abstract graphs unrelated to any surfaces, one gets
the notion of a free knot (in the case of many components γi, one can talk about
a free link). A free knot is a 1-component free link.
Free knots possess highly non-trivial invariants demonstrating the following
principle:
if a free link diagram K is complicated enough, then every diagram K ′ equiv-
alent to K contains K inside.
This result is achieved by using the parity bracket [·], an invariant of free
links valued in diagrams of free links such that [K] = K for diagrams which
are large enough, see ahead. This allowed the author to get new approaches to
various problems in virtual [Ma5, Ma6] and classical knot theory [ChM, KM],
and various questions of topology.
Thus, free links are interesting objects by themselves; on the other hand, ver-
tices of their diagrams (framed 4-graphs) can be labeled by elements of certain
groups.
This leads to the notion of group free knots or G-free knots where G is a
(finitely presented) group. When forgetting labelings of vertices of framed 4-
graphs, we get usual (classical,virtual, flat or free) knot theory, when embedding
a framed 4-graph into an oriented 2-surface, we get a natural labeling.
When applying Reidemeister moves to diagrams within a 2-surface, we nat-
urally get moves for labeled diagrams.
Thus, considering various questions concerning equivalence classes of group
free knots, we can study arbitrary groups. Indeed, every group G leads to its
own G-labeled free knot theory, and depending on which graphs turn out to be
equivalent in this group, one may judge about the structure of the group.
Let us now pass to formal definitions of the objects, we are going to deal
with.
Remark 1. Throughout the rest of the text, all groups are assumed to be finitely
presented.
We shall deal with framed 4-graphs which naturally appear as shadows of
knot diagrams.
Remark 2. We say “4-graph” instead of “4-valent graph”, because we also
admit objects to have circular components, i.e., circles which are disjoint from
the graph.
Definition 1. A 4-valent graph Γ is framed if at every vertex X , the four half-
edges incident to it, are split into two sets; (half)edges from the same set are
called opposite; (half)edges which are not opposite are called adjacent; such a
choice is called framing of Γ.
Definition 2. By a rotating cycle of a framed 4-graph Γ we mean either a
circular component of Γ or a sequence of vertices (possibly, non-distinct) vi and
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Figure 1: A Source-Sink Structure at a Vertex; A Graph with a Source-Sink
Structure
distinct edges ei, i = 0, . . . , k − 1, such that ei connects vi and vi+1 and at vi,
the edges ei and ei−1 are non opposite. Here indices are counted modulo k.
Definition 3. When talking about the number of components, we separately
count circular components and separately count unicursal components; by the
latter, we mean an equivalence class of edges called by elementary equivalence
relation where every two edges opposite at some vertex are treated as opposite.
Thus, the disjoint diagram of the disjoint sum of the simplest 2-vertex Hopf
link and the unknot has three components: a circular one corresponding to the
unknot and the two unicursal components of the Hopf link.
Definition 4. A source-sink structure of a framed 4-graph Γ is an orientation
of all edges of Γ such that at every vertex X of it some two opposite (half)edges
are emanating and the other two are incoming, see Fig. 1.
Circular edges are just assumed to be oriented.
Definition 5. Let G be a framed 4-graph, and let X be a vertex of G, let a, b
be one pair of opposite (half)edges, and let c, d be the the other pair of opposite
(half)edges at X ; by the vertex removal we mean the operation of deleting the
vertex X from G and connecting a to b and connecting c to d.
Remark 3. Note that if a connected framed 4-graph admits a source-sink struc-
ture then there exist exactly two such structures which differ by the overall ori-
entation change.
Notation 1. We adopt the following convention. Whenever we draw an im-
mersion of a framed 4-graph in R2, we depict its vertices by solid circles, those
points which are encircled are artifacts of projection caused by immersion. At
every vertex, the framing is assumed to be induced from the plane: (half)edges
which are locally opposite on the plane are opposite.
Note that if at a vertex X of a framed 4-graph a half-edge a is opposite
to a half-edge c and a half-edge b is opposite to a half-edge d, then then when
drawing on the plane, the counterclockwise order of edges can be a, b, c, d or
a, d, c, b.
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Figure 2: The detour move
This leads to the two “moves” for planar diagrams of 4-graphs which do not
change the framed 4-graph: the detour move and the virtualization move. The
detour move removes one piece of an edge with all encircled crossings inside
it and redraws it elsewhere with new encircled crossings with itself and other
edges, see Fig. 2; the virtualiation move changes the local counterclockwise
order at a vertex without changing its framing; one can represent this move by
flanking the classical crossings by two encircled intersection points of a, b and
c, d.
Remark 4. In the sequel, when drawing some transformation on the plane, we
shall depict only the changing part of the move assuming the remaining part to
be fixed.
Example 1. Consider the framed 4-graph with one vertex A and two loops, p
and q such that p is opposite to itself at A and q is opposite to itself at A. Then
this graph admits no source-sink structure because whatever orientation of the
edge p we take, it will be emanating from one side and incoming from the other
side.
Definition 6. We say that a framed 4-graph is good if it admits a source-sink
structure.
We say that a good framed 4-graphs oriented if a source-sink structure of it
is selected.
Likewise, we define good (resp., oriented) G-framed 4 graphs (Γ, f) if Γ is
good (resp., oriented).
Remark 5. We shall refer to oriented G-framed 4-graphs simply as G-graphs.
Moreover, we shall often omit f from the notation if the definition of f is clear
from the context.
Definition 7. Let G be a group. An oriented G-free link is an equivalence class
of G-graphs by the following three Reidemeister moves shown in Fig.3.
Here we assume that for the first Reidemeister move, the vertex taking part
in this move is marked by the unit element of the group, for the second Reide-
meister moves, the two elements are inverse to each other, and for the third move
we have some three elements a, b, c in the left hand side such that a · b · c = 1,
and the opposite elements a−1, b−1, c−1 in the right hand side, see Fig. 3.
Note that for the first Reidemeister move the choice of the source-sink orien-
tation does not matter; it only matters whether these orientations agree for the
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Figure 3: The Reidemeister moves for free links
edges touching the boundary of the picture; for the third Reidemeister move, it
is crucial to require that the cyclic order of the three vertices along the source-
sink orientation is a, b, c and not a, c, b.
Definition 8. Let G be a finitely presented group. By a G-framed-4-graph we
mean a pair (Γ, f) where Γ is a framed 4-graph and f is the map from the set
of vertices of Γ to G.
Let Γ be a G-graph. Let γ be a rotating cycle on Γ with k vertices (a vertex
is counted twice if it is passed twice). Then γ inherits a natural orientation
from the source-sink structure of Γ. If we choose a starting point on γ, we can
write down the elements of G corresponding to the vertices of the group G :
[γ] = γ1, · · · , γk ∈ G. If no starting point is given, we can obtain a conjugacy
class of γ.
Definition 9. The minimal crossing number of a G-free link L is the minimal
number of vertices of oriented G-framed 4-graphs representing L.
This definition means that every group G leads to a well defined free knot
theory corresponding to this group. Even for the trivial group, this theory is
extremely interesting: it gives rise to the theory of even free knots (i.e. free knots
whose diagrams admit source-sink structure), which has non-trivial invariants
reproducing itself [Ma1, Ma3].
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Thus, one can use this theory in both directions: it is possible to study
groups by means of free knots and their generalizations and to study various
knot theories by using group-valued labeling of their vertices.
Remark 6. A similar theory can be constructed for all free knots, not necessary
having source-sink structure, however, in this way one should overcome some
difficulties with orientations corresponding to relations for Reidemeister moves.
We shall touch on this question in another paper.
Note also that, in the case of the Z2-group, the theory can be constructed
even in the case of arbitrary graphs (see ahead).
The paper is organized as follows. In the next section, we present the three
main tools for constructing invariants of our object, the parity bracket, the parity
delta, and the covering.
In the third section, we shall consider various examples where the group
labeling arises in topological situation, and which relations on groups does this
group labeling are imposed in concrete situation. We shall mostly concentrate
on the case of group coming from a 2-surface.
We conclude the paper by a list of unsolved problems relating Reidemeister
moves with group theory.
2 Basic Invariants
We are now ready to construct our first invariants of groups. Let G be a finite
group.
Definition 10. Let R(G) be the Z2-module freely generated by all G-knots.
Definition 11. Let G be a group. By Set(G, k) we mean the formal integral
linear combination of all G-links K having minimal crossing number k.
From definition, it follows that Set(G, k) is an invariant of the group G.
Remark 7. For the case of infinite G, the number of all G-links K having
minimal crossing number k can be infinite.
Example 2. Let G be the trivial group. Then the G-link theory coincides with
the theory of (having source-sink structure and oriented) free links.
One of the main phenomena in virtual knot theory is the local crossing
information. Having two (or many) different types of crossings which behave
nicely under Reidemeister moves, we can enhance many invariants by localizing
some information at crossings; moreover, this allows one to reduce the study of
objects to the study of their diagrams.
In the case of the Z2-group, the main invariants are called the parity bracket,
the parity projection, and parity covering. We are going to describe the parity
bracket and to generalize the projection for the case of arbitrary groups.
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The group bracket, unlike the parity bracket, does not reduce the study of
knots to the study of their diagrams, but rather is a functorial mapping from
the category of G-knots to G-knots.
Actually, iterative use of projections, and coverings and other tools lead to
enhancement of many invariants constructed combinatorially.
In a similar way, one can enhance various combinatorial invariants in the
case of arbitrary group G. We shall touch on these problems in subsequent
papers.
Another important issue in the virtual knot theory is that many invariants
(like linking numbers or writhe numbers) become picture-valued: instead of
some count of crossings (with signs), we are allowed to count pictures arising at
these points.
2.1 The Parity Bracket
In the present section, we will concentrate on the case of the group Z2.
We will define the parity bracket which is well-defined for Z2-graphs and
which realizes the principle “if a knot (link) diagram is complicated enough
then it reproduces itself”.
In this case, complicated enough will mean irreducible and odd, see ahead,
however, for other groups G there are many other situation where it works.
A Z2-labeling f of a G-graph Γ is usually referred to as parity.
This bracket was first defined in [Ma1] for the so-called Gaussian parity
which is trivial for all good framed 4-graphs. Nevertheless, all the results stated
below (as well as their proofs) remain true whatever parity we take.
Definition 12. By a smoothing of a framed 4-graph at a vertex we mean the
result of deleting this vertex and repasting the half-edges into two edges in one
of the two possible ways → , → .
Remark 8. Note that the smoothing may result in new circular components of
a free graph. Note that a smoothing of a good framed 4-graph is good.
Denote by G the space of Z2-linear combinations of the following objects.
We consider the linear space of all framed 4-graphs (not necessarily good ones)
subject to the second Reidemeister moves.
By a bigon of a framed 4-graph Γ we mean two edges e1, e2 which connect
some two vertices v1 and v2 and are non-opposite at both these vertices; bigons
appear in the second Reidemeister moves. A framed 4-graph is irreducible if it
has no bigons inside.
Remark 9. It can be easily seen that the equivalence classes modulo the sec-
ond Reidemeister moves are characterized by its minimal representatives, i.e.,
framed 4-graphs without “bigons”. Thus, we shall use the term “graph” when
talking about an element from G assuming the minimal representative of its
element.
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Let K be a framed good Z2 4-graph. The bracket invariant [·] (see [Ma1])
is given by
[K] =
∑
seven,1−component
Ks ∈ G,
where the sum is taken by all smoothings s at even vertices which lead to one-
component diagrams Ks. This sum is considered as an element from G.
The following theorem is proved in [Ma1]
Theorem 1. [·] is an invariant of free knots; in other words, if two framed
4-graphs Γ1 and Γ1 are equivalent then [Γ1] = [Γ2] ∈ G.
Let us call a Z2-graph odd if all vertices of it are odd.
It follows from the definition of the bracket that if Γ is odd and irreducible
then [Γ] = [Γ]. In particular, this means that for every irreducible and odd
Z2-graph Γ and every graph Γ
′ equivalent to it, Γ can be obtained from Γ′ by
means of smoothings at some vertices.
2.2 Turaev’s Delta and its Generalizations
Actually, many integer-valued invariants of topological objects can be calcu-
lated as certain (algebraic) sums taken over certain reference points (e.g., some
intersection points in some configuration spaces etc). It turns out that in many
situations which happen in low-dimensional topology, these points can be them-
selves endowed with certain (topological or cominatorial) information which
makes them responsible for non-triviality of the object itself and various prop-
erties of it. Moreover, in some cases these points can be associated with objects
similar to the initial one.
This switch from numbers to pictures changes the situation crucially. The
(algebraic) sums instead of being just integer-valued invariants of the initial
object, transform into functorial mappings from objects to similar objects.
For curves in 2-surfaces, there are two operations, the multiplication and
the comultiplication. The first one is due to W.Goldman [Goldman], and the
second one is due to V.G.Turaev [1]. The main idea is that we can get knots
from 2-component links and 2-component links from knots by taking smoothings
at some crossings. Then we take sums over such crossings and get an invariant
map. We are mostly interested in the second operation and call it and its
generalization “Turaev’s delta”.
However, if we forget about 2-surfaces and deal with curves in general posi-
tion, we can take care not about their homotopy classes, but rather about free
knots or links which appear at these crossings (see [IMN] for free knots). But
if we deal not with bare free knots, we can enhance the definition and take into
account some group information.
Let us be more specific.
Let γ be a one-component framed 4-graph.
At each crossing c, onecan perform the following oriented smoothing →
. Let us denote the result of such smoothing at c by γc.
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Then γc is a framed 4-graph with two unicursal components.
Consider the linear space M generated by free two-component links.
Now let L be the quotient of links in M by those links having one trivial
component.
Let ∆(γ) =
∑
c γc.
Theorem 2. ∆ is a well-defined map from the set of free knots to L.
The proof follows from a consideration of all Reidemeister moves. Looking
carefully at Reidemeister moves, we see that when taking sum inM, the invari-
ance Reidemeister move requires the two-component free link with one trivial
component to be zero.
Remark 10. For the case of 2-surfaces, we have homotopy classes of curves
which are represented by curves in general position; the latter have intersection
points which correspond to vertices of the framed 4-graph.
If we had not curves in 2-surfaces but G-knots it would be sufficient to define
our ∆G to be
∆G =
∑
c,l(c) 6=1
γc,
to be the sum over all crossings c with non-trivial label l(c) of the resulting
two-component free links.
Note that the invariance under the third Reidemeister move does not allow
one to consider the summands as G-links.
However, one can split ∆G with respect to elements of ∆. For every element
g 6= 1 ∈ G we define
∆g = ∆g = ∆g−1 to be
∑
c,l(c)∈{g,g−1}
γc.
Then all ∆g are invariants of the initial link and ∆G naturally splits into
the sum over all classes of non-trivial inverse elements.
As we shall see later, the structure of G-knots naturally appears for curves
in 2-surfaces.
Theorem 3. For each g, the mapping ∆g is invariant.
Consequently, ∆G is an invariant mapping.
2.3 The group bracket
As we have seen before, Z2-knots admit a natural bracket [·] which takes all Z2-
knots into Z2-linear combinations of equivalence classes of free knots modulo
second Reidemeister moves. This actually means that we get from knots to
graphs.
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This actually happens because there exist exactly one non-trivial element in
Z2.
For arbitrary group G, there is a similar bracket operation which takes G-
knots to equivalence classes of diagrams modulo moves; however, the target
space will consist of equivalence classes of G-graphs modulo not only second
Reidemeister moves but also third Reidemeister moves. Thus, the group bracket
unlike the partiy bracket, can not be treated as a graph-valued invariant, but
rather, as a functorial map for G-knots, similar to Turaev’s delta.
Let us be more specific.
Let SG be the set of Z2-equivalence classes of G-graphs with no vertex
marked by the unit element of the group, modulo the second and the third
Reidemeister moves.
Let K be a G-graph. Consider the set of all vertices of K marked by the
unit element of the group G. We define smoothings s at unit vertices of K as
before. Now, we set
[K]G =
∑
seven,1−component
Ks ∈ SG.
Theorem 4. The map SG is an invariant of G-knots.
Proof. We have to check the invariance under the three Reidemeister moves.
Let K and K ′ be two G-graphs which differ by a Reidemeister move at some
vertex. We shall show that [K] = [K ′].
Assume first K ′ is obtained from K by the first Reidemeister move which
adds one vertex v with trivial label. Then [K ′] contains summands where v
yields a local loop. They do not count in the bracket since they have at least
two components.
All other summands in [K ′] are in one-to-one correspondence with all sum-
mands in [K].
Assume now K ′ is obtained from K by a second Reidemeister move where
the two additional crossings in K ′ are both non-trivial.
Then all summands in [K ′] are in one-to-one correspondence with those of
[K], and they differ exactly by the same second Reidemeister move.
The same situation happens when K ′ differs from K by a third Reidemeister
move with three vertices of non-trivial labels: we have a one-to-one correspon-
dence of equal summands.
The cases when K ′ differs from K by a second Reidemeister move with two
additional trivial crossings or by a third Reidemeister move with two additional
trivial crossings are actually the same as in the case of usual bracket; for more
detail, see [Ma1].
Finally, assume K ′ differs from K by a third Reidemeister move with labels
a, b, c such that b = a−1 and c = 1 (see Fig. 3). In the right hand side, we will
have labels a−1, b−1 = a, and 1−1 = 1.
Now we see that one smoothing at the vertex of K labeled 1 coincides iden-
tically with the similar smoothing of K; the other smoothing of K differs by
the similar smoothing of K ′ by two second Reidemeister moves.
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2.4 Coverings and Projections
First, let α : G → H be a homomorphism of two groups. Then, for every
G-graph Γ, we get an H-graph α∗(Γ) by changing each vertex label g ∈ G to
α(g) ∈ H .
From the definition of G-knots we get to the following
Theorem 5. The operation α∗ leads to a well defined mapping from G-knots
to H-knots, i.e., if Γ1,Γ2 are two equivalent G-graphs then their images α∗(Γ1)
α∗(Γ2) are two equivalent H-graphs.
Below, we briefly sketch the idea how to construct a covering for G-links for
some subgroup G′ of a group G; we define the corresponding projection in the
general case; as for the covering, we define it only in the abelian case; in the
general case it is defined quite analogously (see also subsection 3.2 curves in
2-surfaces).
Now, let G′ be a subgroup of a group G. Then for every G-graph Γ, we
can define the G′-graph βG′(Γ) obtained from α∗ by removing all vertices of Γ
whose labels do not belong to G′; the remaining vertices will keep their labels
considered now as elements of G′.
Theorem 6. The operation βG′(Γ) is a well defined mapping from G-knots to
G′-knots.
Thus, we have constructed a map βG′ which removes some nodes. In par-
ticular, this projection maps knots to knots.
In the simplest case when G = Z2, G
′ = {1}, the parity projection map can
be justified to a parity covering map. Namely, the projection map takes knots
to 2-component links, and generally, l-component links to 2l-component links
with two sets of l components each. Over each crossings of the initial knot X ,
there are two crossings X1 and X2, of the obtained link. The odd crossings
(those marked by non-trivial elements of Z2 which disappear under the projec-
tion map), will belong to two different components (sets of components) [Ma4]
(“mixed crossings”). Thus, over each crossing marked by the trivial element,
there will be two pure crossings belonging to one component (in the case of links,
to one set of components), crossings marked by the non-trivial element will be
covered by two crossings, each being mixed (i.e., belonging to two different sets
of components).
Now, let G be an abelian group. Let G′ be a subgroup1 of G and let H be
the quotient group so that we have a short exact sequence
G′
β
→ G
α
→ H.
1In the case of general G, one should consider normal subgroups only
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Figure 4: The graph F1
Let (L, f) be aG-graph with k components; we denote theG-link represented
by L, k by the same letter L. We shall construct the the covering corresponding
to the inclusion β : G→ G′, as follows.
This covering will be a H-link having k · |H | components. This link will be
denoted by Lβ.
With each vertexX of (L, f) with label g ∈ G, where g = g′h, g′ ∈ G′, h ∈ H ,
we shall associate H vertices Xh, h = α(g) ∈ H indexed by elements of H ; all
these vertices will have label g′.
Now, with every edge XY connecting some two vertices X,Y of L we asso-
ciate |H | edges, namely, Xg is connected to Y gh where h = α(g).
Theorem 7. This map L → Lβ is a well defined map from G-free links to
G′-free links.
Proof. This theorem follows from the consideration of Reidemeister moves:
when looking at the product of labels along the loop, bigon, or triangle, we
see that these products are all equal to the unit of the group G, which means
that both “the G′-factor” and “the H-factor” of them are units of G′ and H ,
respectively. This means that the corresponding edges of Lβ will close up to a
loop, bigon or triangle, repectively. Hence, the Reidemeister move applied to L
will result in the corresponding Reidemeister move applied to Lβ .
3 Further Applications and Examples
3.1 Minimal Crossing Number
Consider the example shown in Fig. 4.
For every group G, the framed graph F1 is equivalent to the unknot if the
label on the unique vertex is equal to the unit of the group G as a G-knot.
Theorem 8. For every non-trivial group G, there exists a non-trivial labeling
f of the graph F1 such that the G-knot (F1, f) is not equivalent to the unknot.
Indeed, ∆(F1) has one non-trivial summand.
Now, let us consider the example shown in Fig. 5.
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Figure 5: The graph F2
As well as F1, the framed 4-graph F2 is trivial for the 1-element group.
Moreover, if we take Z2, then for every labeling of F2,
Thus, F2 is not minimal for Z2.
Theorem 9. For every group G containing at least three elements, there exists
a labeling f of vertices of F2 which makes this labeled graph minimal in its
G-knot class.
3.2 Curves in 2-surfaces
In the present section, we give the main example where the above theory comes
from.
Let Σ be a closed oriented 2-surface of genus g. We say that an embedding
f of a framed 4-graph Γ in Σ is cellular if Σ\Γ is the disjoint union of 2-cells.
We say that a cellular embedding f : Γ→ Σ is checkerboard if one can colour
all cells of Σ with 2 colours in a way such that no two cells of the same colour
are adjacent along an edge.
The following fact can be proved by the reader as a simple exercise.
Exercise 1. If a framed 4-graph Γ admits a checkerboard cellular embedding
into some Σ then Γ admits a source-sink structure.
Moreover, if Γ admits a source-sink structure then every cellular embedding
of Γ in every Σ (of any genus) is checkerboard.
Now, let us fix a framed graph Γ and its checkerboard cellular embedding f
into Σ = Sg. Consider the group G(Γ, f) given by the following presentation P .
The generators of P are in one-to-one correspondence with vertices of Γ.
The relaions of P are in one-to-one-correspondence with cells of Σ\f(Γ).
More precisely, with each cell C, one can associate its boundary which is a ro-
tating cycle on Γ. Since Γ admits a source-sink structure, this cycle becomes
naturally oriented. This means, that all vertices of this cycle are cyclically
ordered. This generates a cyclic word which we take to be the relator corre-
sponding to the cell.
Now, assume Γ has one unicursal component. Then f(Γ) can be thought of
as the image of an immersed curve; we shall call this image γ.
In [?], I.M.Nikonov proved the following
Theorem 10. If Γ has one unicursal component, then the group G(Γ, f) is
isomorphic to the quotient group of the fundamental group pi1(Σ) by the free
homotopy class [γ].
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This leads us to the natural source where the labels for vertices of Γ may
come from. With every embedding f of Γ into Σ, one gets a natural labeling of
vertices by elements of G(Γ, f).
Thus, curves in Sg satisfying the checkerboard colorability condition natu-
rally obtain the group labeling, which allows one to define the group bracket
and the group delta for these knots.
4 Unsolved Problems
The bracket and the Turaev delta for curves in 2-surfaces can be treated as
follows.
We study curves as conjugacy classes [γ] of elements γ of the fundamental
group for an oriented 2-surface Sg. Every summand of ∆ transform one such
conjugacy class [γ] into two conjugacy classes [γ1], [γ2] such that γ1 · γ2 = γ.
Here γ1 ∪ γ2 is the result of smoothing of γ at some crossing c.
For which groups G can one define a ∆-like comultiplication map G →
Z2G→ G where the sum is taken along “reference points”?
How to define these “reference points” in a way similar to crossings of a
diagram? Possibly, if the comultiplication operation is expected to be defined
in the language of words for some presentation of G, the operation should be
defined in terms of some letters selected in a specific way?
A similar question can be asked about the group bracket and the parity
bracket: we expect a well-defined map from G to the direct sum of various
tensor products G⊗G⊗ · · · ⊗G.
Can we define such a bracket for elements g ∈ G realizing the principle
[g] = g and solving the word problem/ the conjugacy problem for some groups?
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